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VII.4 Multiple scattering by topographic relief 

Wavenumber analysis of NORESS array data has revealed sometimes signi­

ficant frequency dependent effects. Motivated by these phenomena we 

have developed a method to account for multiple scattering due to 

topography of internal boundaries or of the free surface. The method 

was originally developed for the in comparison simple problem of 

electromagnetic scattering by a perfectly conducting rough surface, 

and it is based on the so-called extinction theorem (e.g., Brown, 

1985). The result is an approximation since it is given by a pertur­

bation series whose terms are obtained recursively, but the method can 

be applied to any surface topography, the only restriction being 

implied by the condition of convergence of the series solution. The 

Born approximation is simply the first term of the series; it is thus 

straightforward to make a comparison with previous single scattering 

results. Here we present results of a comparative study of a rough 

solid-liquid boundary where explicit single scattering results are 

available (Doornbos, 1978). Topographic effects of the free surface 

and of solid-solid interfaces will be considered in later 

contributions. 

The solid-liquid interface forms a relatively complicated problem due 

to the modified boundary conditions. Let the deviation of the inter­

face from a plane be given by z = f(x,y), hence the reference plane is 

taken to be the z = 0 plane in a cartesian coordinate system. The 

simplest form of interfacial displacement-traction vector needed to 

determine the scattered field is 

(l) 
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Here the solid is taken above the interface, i.e., ux+ and uy+ are the 

horizontal displacement components in the solid. The vector v is nor­

mal to the interface: 

of 
(vx,vy,Vz) = (- ~, 

ox 

of 

oy 
1) 

hence vTJV is the normal traction, and vTu is a constant times the 

normal displacement component. The solution for d can be obtained 

recursively in wavenumber space. Let D(kx,ky) be the Fourier transform 

of ~(x,y), and let 

m 

D(kx,ky) = l j)(n)(kx,ky) (2) 
n=O 

thenn(n) is determined from j)(n-m), m = l, .•• ,n. The details of this 

solution for an incident plane wave are given elsewhere (manuscript in 

preparation). The scattering coefficients _!!(n) are similarly deter­

mined from o(n-m), m = 0,1, ••• ,n, and the total scattered field is 

m 

_!!.(kx,ky) = l _!!.(n)(kx,ky) (3) 
n=O 

The components of _!!(O) are just the plane wave reflection and 

transmission coefficients for a plane interface, _!!(O) is the Born 

approximation representing single scattering, and .!!_(n), n ~ 2, include 

multiple scattering. From the components of B we can a.o. calculate 

the energy flux for any wave type j. Per unit of solid angle: 
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(4) 

where 

w 
(sine cos$, sine sin $) 

and Vj is the wave velocity. 

The following examples are for a velocity-density structure: 

p+ = 5.56 g/cm 3, p- = 9.93 g/cm 3, a+= 13.64 km/s, a-= 8.08 km/s, 

~+ 7.2 km/s, ~- = 0, 

a space-stationary roughness function f (x,y) characterized by a 

Gaussian autocorrelation: 

r(x,y) 2 h exp(-

2+ 2 x y 

2 
a 

) 

and a lateral scale length a = 20 km for 1 Hz waves: w = 2n c/s. 

Fig. VII.4.1 illustrates the complete series solution for incident and 

scattered wave directions which are typically observed, ·and for dif­

ferent topographic height h. In the same figure we show the phase of 

the scattered wave due to a single bump with the same autocorrelation 

as the space-stationary roughness function. The first order phase 

solution is significantly biased. The bias turns out to be significant 

for topographic height above a few hundred meters. On the other hand, 
'' 

the first order approximation predicts the scat~ered energy remarkably 
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well even for rather high topography (h = 3 km). Two other intuitively 

obvious features are: (1) The low order solutions are relatively 

stable for wave types and in wave directions where scattering is rela­

tively strong, and (2) the higher order terms serve to enhance energy 

relatively far .from the specular direction and to reduce energy near 

the specular direction. This is consistent with the fact that multiple 

scattering tends to widen the wavenumber spectrum of the scattered 

field. The difference between the first and higher order solutions 

becomes particularly pronounced in directions where the scattered 

field is relatively small, for example, near a zero of the reflection 

coefficient .• Fig. VII.4.2 illustrates this phenomenon in the slowness 

range above 3 s/deg. 

D.J. Doornbos 
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Fig. VII. 4 .1 
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(a) Energy flux and phase delay of scattered wave at 
1 Hz, for subsequent orders 'of the series solution. 
Solid-liquid interface with velocity-density structure 
given in the text. The boundary roughness parameters are 
a= 20 km and h = 1 km (1), 2 km (2), 3 km (3). Scat­
tered P in the liquid from incident P in the liquid. The 
incident and scattered ray parameters are both 2.43 
s/deg. The vertical planes through the incident and 
scattered rays differ by 44 degrees. 
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Fig. Vtl.4.1 (b) Scattered P in the solid from incident P in the 
liquid. Other details as in Fig. VII.4.la. 
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Fig. VII.4.2 Energy flux at 1 Hz through solid-liquid interface with 
the same specifications as in Fig. VII.x.l, and h = 
2 km. Scattered P in the liquid from incident P in the 
liquid. The incident and scattered ray parameters are 
equal. (1): Specular direction. (2): The vertical 
planes through the incident and scattered rays differ by 
44 degrees. Solid lines: first order approximation. 
Dashed lines: complete solution. 




